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ANALYSIS OF EFFECT OF BASIC DESIGN VARIABLES ON SUBSONIC
AXTAL-FLOW-COMPRESSOR PERFORMANCE

By Jorn T. SINNETTE, JT.

SUMMARY

A blade-element theory for aztal-flow compressors has been
developed and applied to the analysis of the effects of basic
design variables such as Mach number, blade loading, and veloc-
iy distribution on compressor performance. A graphical
method that is useful for approximate design calculations is pre-
sented. The relations among several efficiencies useful in eom-
pressor design are derived and discussed. The possible gains
in useful operating range obtainable by the use of adjustable
stator blades are discussed and a rapid approzimate method of
calculating blade-angle resettings 13 shown by an example.

The relative Aach number is shown to be a dominant factor
in determining the pressure ratio. Considerable inerease in
pressure rafio over that for conventional designs can be oblained
by producing @ velocity distribution that gives relative inlet
Aach numbereg close fo the limiting Aach number on all blade
elements. VWith a given inlet Mach number, the pressure ratio
obfainable across @ blade row increases and the specific mass
ﬁow decreases as the ratio of mean whirl velocity to axial veloctly
increases for the high-efficiency range of this veloczty ratio
(that 18, near 1).

For compressor designe with a definife Mach number limita-
Hon, the velocity distribution in the inlet stage is particularly
important because the inlet stage limits both the mass flow and
the rotor speed of the compressor and thereby limils the pressure
ratio of the later slages as well as the inlet stage. By the use
of inlet guide vanes designed fo produce a radial variation of
axtal velocity ai the inlet to the first rofor, a substantial increase
in stage pressure ratio and a slight increase in specific mass
flow over designs based on free vortex with the same turning
and Mach number limitations are shown to be possible. In the
suceceeding stages, the maximum pressure ratio per sfage is ob-
tained by increasing the hub diameter to obiain the maximum
azial velocity compatible with the Mach number Bmitation.

INTRODUCTION

The limited amount of research information available for
the design of turbojet and turbine-propeller engines has em-
phasized the need for fundamentel research on the com-
pressor as one of the principal components of these power
plants. The compressor characteristics that must be con-
sidered in the research program are efficiency, size, weight,
and operafting range or flexibility. '

Compressor efficiency has a pronounced effect on the spe-

cific fuel consumption of the engine and is therefore especially
important for long-range nonstop flights where the fuel
weight may amount to several times the useful pay load.
Although the efficiency of modern axial-flow compressors is
hlgh compared with other types of compressor, substantial
gains in engine performance can be derived from further
improvement in compressor efficiency.

The importance of size and weight per unit power output
of the engine rapidly increases as the flight speed is increased
because of the rapid increase in the power required. For
some of the high-speed aircraft being developed, consider-

ation of the size and the weight of the power plant becomes .

of the utmost importance. This analysis is primarily con-
cerned with the compressor size as given by its diameter and
length and therefore considers the weight only as it is affect-
ed by these variables. The length of a compressor for a
given pressure ratio is determined by the pressure ratio per
stage and the axial length of a stage; the diameter for a given
air flow is determined by the air flow per unit cross-sectional
area and by the percentage of the total frontal area utilized.
Because of the relatively low pressure ratio per stage, the

length of an axial-low compressor is usually greater than '

that of a centrifugal compressor, but the over-all diameter
is smaller because of the utilization of a larger percentage of
the over-all frontal ares for air intake.
therefore be made to reduce the length of an axial-flow com-
pressor with & given over-all pressure ratio by increasing the
pressure ratio per stage. Reduction in the diameter for a
given air flow by increasing the fiow per unit inlet area is
also advantageous, particularly for supersonic aircraft, where
frontal area is extremely important.

For operation at other than design conditions, the com-
pressor range, or flexibility, becomes important. At engine

speeds below the design value, the compressor operating

efficiency may be low because of a drop in peak compressor
efficiency or because of improper matching of the compressor
with the turbine under these conditions. Consequently, the
power required to start the engine and the time required to
accelerate to design speed may be high. Because of improper
matching, compressor surging may be encountered at inter-
mediate speeds, particularly during rapid acceleration. The

Special effort should -

engine sterting and accelerating characteristics with axial-

flow compressors ere generally poorer than with centrifugal
compressors mainly because the efficiency is highest at rela-

tively high compressor speeds and drops appreciably as the
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Fi1GORE L.—Relative-veloelty diagram for typical blade row.

speed is reduced. 'The use of high pressure ratios to improve
the cycle efficiency accentustes the problems associated with

starting and accelerating to design speed and emphssizes.

the need for the improvement of the range of the compressor.

An anslysis was conducted during 1946 at the NACA
Cleveland laboratory to determine the effect of basic design
variables. on subsonic axial-flow-compressor performance.
The effect of basic design variables such as Mach number,
blade loading, and velocity distribution on efficiency, pressure
ratio, and mass flow in axial-flow compressors is analyzed
herein in terms of blade-element theory, which is an extension
of the theories developed in references 1 and 2. The blade-
element analysis neglects the effects of variations in velocity,
pressure, and density in the tangential direction ata given axial
station between blade rows. On this basis, the relative flow
across a blade row is treated as a steady, “one-dimensional,”

adiabatic, compressible flow, and the velocity ratio, pressure
ratio, density ratio, and velocity-of-sound ratio are expressed
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in terms of the fow-area ratio and the polytropic compression

A graphical method that is useful for rapid determination
of these ratios for several polytropic compression efficiencies
from 0.7 to 1.0 is illustrated. As no restriction is placed on
the variation in axial velocity across a blade row, the method
and the charts are applicable to a wide variety of compressor-
design problems, but a rigorous application requires addi-
tional relations based on considerations of radial equilibrium.
The charts, however, may be used for rapid approximate
design celculations and for the calculation of blade-angle
resettings for different operating conditions by considering
only mean conditions for the entire annular passage at cach
axial station. _

In order to investigate the effect of the ratio of mean whirl
velocity to axial velacity on the efficiency, & blade-clement
theory of efficiency based on incompressible flow and constant
axial velocity is developed. The pressure ratio for constant
axiel velocity and compressible flow is then expressed in terms
of the blade-element drag-lift ratio and thoe ratio of mean
whirl velocity to axial velocity by using the general theory
for pressure ratio and by assuming that the polytropic
efficiency is equal to the efficiency obtained from the
incompressible-flow theory. The effect of the ratio of tho
mean whirl velocity to axial velocity on the specific mass flow
is also derived in terms of compressible-flow theory.

SYMBOLS

The symbols used in this report are defined in alphabetical
order. The quantities represented by the symbols df, 2f,
V, Wa, and 8 depend on. the reference frame. When only a
single raow of blades is being considered, that row of blades is
taken as the reference frame. In consideration of & complete
stage or any other cases where the reference frame is not
clear, it is indicated by the subscript R or S for rotor or

-stator, respectively.

A .. cross-sectional area, square feet
a velocity of sound, feet per second
c "~ factor used. in expressing total efficicncics in
. 1+’.Z_'_2‘ -1 M7
terms of static efficiencies, — T
14+55= e
Co drag coefficient
e, lift coeflicient
¢ . blade chord, feet
s specific heat at constant pressure, Btu per
pound °F
¢ specific heat at constant volume, Btu per
pound °F
D _ blade-profile drag, pounds per foot
F resultant force on blade element, pounds per foot
f flow area of entire annular passage taken normal
to streamlines at mecan radius, square feet
af flow area taken normal to streamlines between
two infinitely close mean stream surfaces,
square feet
g standard acceleration due to gravity, 32.174 feet
per second per second
H total enthalpy per unit mass, foot-pounds per

pound
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static enthalpy per unit mass, foot-pounds per
pound
mecheanical equivalent of heat, 778 foot-pounds
per Btu
constant in turning-angle relation
blade-profile lift, pounds per foot
blade length, feet
local Mach number, (V/a)
polytropic exponent for compression
total pressure, pounds per square foot absolute
static pressure, pounds per square foot absolute
gas constant, foot-pounds per pound °R
radius to blade element, feet
blade spacing at radius 7, feet
total temperature, °R
static temperature, °R
velocity of blade (wr) at radius 7, feet per second
air velocity with respect to given reference
frame, feet per second
mass flow rate, pounds per second
specific mass flow rate, pounds per second per
square foot
ratio of mean whirl velocity to axial velocity
" (fig- 1)
ratio of decrease in whirl velocity to axial
velocity (fig. 1)
angle of attack of isolated a1rf011 for zero Iift,
degrecs
angle between compressor axis and air velomt-y,
or flow angle (fig. 1), degrees
ratio of specific heats, (c,/c,)
ratio of inlet total pressure to standard sea-level
pressure (2116.2 lb/sq ft)
gliding angle, (tan —* D/L)
loss ratio, (1—1,, 1)
efficiency of compression
adiabatic efficiency of compression based on
static pressure and temperature (unless other-
wise specified)
polytropic efficiency of compression based on
static pressure and temperature (unless other-
wise specified)
ratio of inlet total temperature to standard sea-
level temperature (518.6 °R)
mass density, slugs per cubie foot
blade-element solidity, ¢/S
angle between blade chord and compressor axis,
degrees

absolute angular velocity of blade, radians per

second

standard sea-level condition (except for ag)
inlet to blade row or stage

outlet of blade row

outlet of stage

axial

annulus

hub

incompressible

ideal

m referred to vector-mean velocity

B rotor reference frame

r radial

S stator reference frame

s secondary

st static e
T total

¢ rotor-blade tip

w whirl

] tengential

BLADE-ELEMENT THEORY

The blade-element theory is divided into four parts: (1)
the general compressible-flow theory in terms of polytropic
compression efficiency; (2) the theory of blade-element
efficiency in terms of incompressible flow and constant axial
velocity; (3) the results-of the first two parts combined to
obtain the pressure ratio as a function of the drag-lift ratio
and the ratio of mean whirl velocity to axial velocity for
constant axial velocity; and (4) the specific mass flow in
terms of compressible-flow theory.

COMPRESSIBLE-FLOW THEORY

One-dimensional analysis.—Because of the extreme com-~
plexity of the actual flow through compressor blades, variout
approximate methods of analysis are necessary. Analysis
based on one-dimensional flow, that is, flow which is a
function of a single coardinate of position, given in various
forms and involving various approximations, has proved
useful in the analysis of the flow through compressors and
turbines and as & basis for design. (See, for example, refer- .
ences 3 to 5.) With an infinite number of blades, & perfect
compressible fluid theoretically flows along surfaces of revo-
lution, which constitute flow surfaces, and the velocity, the
pressure, and the density are independent of the circum-
ferential position. Because these flow variables may be
expressed as a function of a single coordinate of position for
the flow between two infinitely close stream surfaces, this _.
flow may be considered as one-dimensional flow. The
actual determination of the stream surfaces, of course,
constitutes a separate problem involving considerations of
radial equilibrium.

The flow of & real fluid through a finite number of blades,
however, is dependent on the circumferential position be-
cause of the effects of finite blade circulation, viscosity, and
turbulence. Also the flow is no longer confined to surfaces
of revolution because the circumferential variations in the
radial and axial components of velocity generally produce a
variation in the inelination of the flow to the compressor axis.
A useful one-dimensional approximation to the actual flow
may be obtained, however, by using values of velocity,
pressure, and density averaged in the circumferential direc-
revolution through which the average net ﬂow at any axial
position is zero.

This one-dimensional analysis is to be used to estimate the
change in conditions across a blade row for the fiow between
two infinitely close mean stream surfaces of revolution. The
blade row under consideration is taken as the reference
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frame and the flow is steady except for turbulent fluctuations.
The pressures, temperatures, densities, and velocity com-
ponents are the values averaged both with respect to the time
and the circumferential position. Because the mean stream

the mass flow _between these surfaces at the mJet _to _the_

blade row must be equal to that at the outlet, and the
continuity equation may be written

01V, 1277 dr= PzVa, $2mradry

where 7 and 7; + dr, are the radial positions ahead of the
blade row and r3 and 73 -+ drs are the radial positions after
the blade row of the mean stream surfaces. The continuity
equation may also be expressed in terms of the resultant
velocity and the effective flow area:

de szs . Q)

f2 11

where the flow area or eflective cross-sectional area normal

to the relative velocity is given by

2zrdr

tyz pz

When V,/V,<<1 at this station,

df=

df =~ \/2ﬂd; s==2xrdr cos §

1+T

The one-dimensional approximation to the continuity
equation using mean values is exact for incompressible flow
and introduces only small errors resulting from the correla-
tion between turbulent fluctuations of velocity and density
for compressible flow (reference 6). __

The energy equation based on the one-dimensional s approxi-
mation using mean values can also be employed, but the
errors restlting from turbulent fluctuations and from the
variation of time-averaged velocity around the circumference
may be appreciable if these fluctuations and variations are
large, as would be the case near any point of flow separation
along the blade surface. The correction for these effects is
quite complex (reference 8, equation (43)) and beyond the

scope of the present investigation. In the reference frame

fixed with respect to the blade row, no work is done by the
blades on the air. Some work, however, may be done on the
given layer of fluid by ad]acent layers of fluid across the
boundary surfaces of revolution. =The energy exchanges
across these surfaces of revolution involve terms similar to
those given by equation (43) of reference 6 for the boundary
sections at the end stations 1 and 2, but any detailed con-
sideration of these energy exchanges is also beyond the scope
of the present investigation. If these energy exchanges are
neglected, gs well as heat transfer between the blades and the
fluid, the_energy equatlon 8Cross 8 rotor—bla.de Tow can be
written as

‘]2'12 +w27'z wzn =g Jcpt]_ (__ 1) (2)

The terms involving the angular velocity  of the reference
frame "represent the change in potential energy in the
centrifugal-force field that results from the rotating refercnce
frame. This equation could, of course, have bheen obtained
by first considering the energy equation for the stationary
reference frame and then transforming the results to the
rotating reference frame. By the expression of the #, outside
the parentheses in terms of the velocity of sound

a,=+ygRt;=+ (y—1)gJe,t 3)

equation (2) gives, after slight rearrangement,

=g () +(F)-(R)] @

The energy equation for the flow through the stator blades
differs only in that the reference frame is stationary and
therefore w=0. The validity of equation (4) is unaffected
by frictional losses over the blades. Even separation fol-
lowed by turbulent mixing would not affect the validity of
equation (4) provided that: (1) station 2 is taken far enough
downstream that the fow is sufficiently uniform and tur-
bulence has decayed to such an extent that the one-
dimensional approximation is adequate, and (2) the energy
addition or abstraction from adjacent fluid layers or from tho
blades by heat conduction isnegligible. In case of separation
it is generally necessary to go so far downsirecam to satisfy
condition (1) that condition (2) is not even approximately
gatisfied, but for normal compressor operation without
separation both conditions are approximately satisfied at a
small distance downstream of the blade row.

Although the temperature ratio &/f; and the velocity-of-
sound ratio as/e;, which is equal to the square root of the
temperature ratio, depend only on the variables given in
equation (4) mdependently of frictional Josses, the pressure
ratio ps/py and the density ratio py/p depend on an additional
variable representing the losses, which can be taken as the
polytropic ezponent or polytropic efficiency. The relation
between the pressure ratio and the density ratio is given by
the familiar polytropic relation

4 1
and, by use of the equation of state for a perfect gas
P
P gRE

and equation (3), the relations between the various ralios
can be concisely written as

R ORORC L
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The value of n depends on the losses and can be expressed
in terms of the polytropic compression efficiency, as dis-
cussed in the following section.

The density ratio can be eliminated from equation (1) by
means of equations (4) and (5) to obtain the flow-area ratio
as an explicit function of the velocity ratios, the inlet Mach

number, and the polytropic exponent:
dfz { 'y 1 [ ( Ty <wr1 ] n—I
A ATUSE R R 7)) ~(%) }

For axial-flow compressors, radial flow can usually be
neglected ; consequently r equals r; and equation (6) becomes

- o

which does not contain « and hence has the same form for
rotating and stationary blades. The validity of equations
(2), (4), (6), and (6a) depends on the use of the given blade
row as reference frame for the velocities, the flow areas, and
the Mach number.

General efficiency relations—The expression of the
exponent in terms of an efficiency is desirable. The poly-
tropic efficiency based on static pressures and temperatures
is closely related to the polytropic exponent and serves as a
convenient and useful measure of performance. The signifi-
cance of this efficiency and its relation to other efficiencies
frequently used and to the polytropic exponent requires
consideration. Different expressions for the polytropic
efficiency are obtained for compression and expansion
processes because the terms representing input and output are
interchanged. Only compression efficiency is considered
here. The following analysis assumes that the actual process
is adiabatic; that is, no heat transfer is involved.

Compressor efficiency is usually defined as the ratio of the
ideal work of compression from the initial to the final total
pressure to the actual work done by the rotor blades on the
gir. This efficiency is satisfactory for over-all compressor-
performance representation, but gives no information on the
efficiency with which static pressure is increased and is
meaningless when applied to stationary elements of the com-
pressor (stator blades and outlet diffuser) as no work is done
by these elements (in terms of the usual stationary reference
frame). In general, the work input by a given element of
the compressor depends on the reference frame. For the
reference frame fixed with respect to a given blade row, as
used in the blade-element analysis, the work input by the
given blade row is zero regardless of whether these blades
are rotor blades or stator blades. The total mechanical
energy available for increasing the pressure in the given
process must, therefore be considered.

For an adiabatiec process considered herein, the available
energy is equal to the change in (static) enthalpy Ak in the
process (which is obviously independent of the reference
frame). The ideal energy in foot-pounds per pound required

%=E{
d: Vi

177

for compression between the same initial and final pressures
in a continuous-flow process is given by

1fm_dp_
gJp pu(p)

where pi; (p) is the mass density as a function of pressure for
the ideal process. The subseripts 1 and 2 used here and in
other general equations defining the efficiencies or showing

their interrelations indicate the initial and final states for

any portion of the compression process considered and are
not necessarily limited to the inlet and the outlet of & blade
row as for most of the equations in the blade-element theory.
The general definition of static compression efficiency, that
is, the efficiency with which mechanical energy is utilized to
increase the static pressure, is equal to the ratio of ideal

energy to the actual energy required for the compression,

and is therefore

”ﬁi& S
‘ﬂu=g ElAl;:i (P) ) (7)

and differs from the corresponding efficiency based on total

pressure only in the replacement of enthalpies and pressures

based on total (stagnation) conditions by those based on static
conditions. Unlike the efficiency based on total conditions,
the efficiency based on static conditions is independent of the
reference frame and can be applied equally well to stationary
and rotating components of the compressor. For these
reasons, an efficiency based on static conditions is introduced.
The efficiency is incompletely speciﬁed, however, until the
ideal process of compression is given. The only ideal proc-
esses that will be considered here are the adiabatic and
polytropic processes that form the basis for the corresponding
adiabatic and polytropic efficiencies. The ideal adiabatie

process is a reversible adiabatic process between the same
~ initial pressures and temperatures and the same final pressure

as the actual process. (The final temperatures will be
different unless the efficiency is 1.) The ideal polytropic
process is 8 reversible polytropic process with a constant
exponent and with the same initial and final pressures and
temperatures as the actuel process. Thus the ideal adiabatic
process differs from the actual process in the final tempera-
ture, whereas the ideal polytropic process differs from the
actual process in the existence of heat addition to the gas
for the ideal process.

For compression without heat transfer, the relation be~

tween adiabatic and polytropic efficiency is shown in appen- '

dix A to be given by

(;;«)"""‘ e
O

for efficiencies and pressure ratio based on either total or
static conditions. When the pressure ratio is plotted on a
logarithmic scale (fig. 2), & nearly straight-line relation is



178
1.0 ,
0 NEL
90 D I R e Y :3- :
3 pectectecl L - **i;i
.80 \‘%.- — -2k e Ly d.'
é‘x DR s = o - NN"’JJL}:
£.70 e R R R 5 3 1 3 P R e
£ | gRanate. --']NNH — 4T
0.60 s e L I s o ':-\-Tfﬂ-\\\]ﬁ—.h'?‘:f r
L S e o SRR N .
S A R N N e o A - et N [ i 18
S .50 S T I g TR e e 27/
3 T NN “F L [ T3
2 HINARE \HN\J\\H@
I o By
4G oy = P5~.
{ 2 3.4 8 & 1o -20 30 40 60 84100

Pressure rotio, pafp:
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% from 0.60 to 1.00 and specifio-heat ratios v of 1.3 and 1.4 for adfabatlo compression.

obtained with the two efficiencies equal at a pressure ratio
of 1. For the pressure ratios (generally less than 1.2)
obtained across & row of blades of subsonic designs, the
difference between adiabatic and polytropic efficiencies is
negligible (fig. 2). The polytropic exponent for compression
is shown in appendix A to be given in terms of the polytropic
efficiency by the relation

n=__’lﬂ_ . . (9)

y—1 _

L7 -

The relation between the adiabatic and polytropic effi-
ciencies based on total and static conditions is also shown
in appendix A to be given by

*—1
PN\ v
B -1 .
Nad, 7= Nad, &t 1 Pl) -
(?ET: ! _1+<l_0)(1_71ad.u)
and
r—l .
log <£—f T : o
N r = Nost po e en
PN T
log (pf- " —(1=1p.) log €
where )
1+
C= —
+_'—_'-M1

From these equations, for both the adiabatic efficiency and
the polytropic efficiency no difference exists in the corre-
sponding efficiencies based on total and static conditions when
the static efficiency is equal to 1 or when C=1, that is, when
M,=M,. In general, the difference between the total and
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static efficiencies (for both adiabatic and polybroplc eflicien-
cies) decreases as the pressure ratio or efficiency increases or
as C approaches 1. For over-all performance representation
of a compressor under normal operating conditions, tho
difference between the total and static efficiencies is generally
small. For example, for P,/P1—5 M,=0, M,=0.5, and
Naa;0e=0.80, the total efficiency is 0.814. If the Mach
numbers at the inlet and outlet measuring stations are nearly
equal, the difference in efficiencies will be considerably less.

The "discussion on efficiency may be sumimarized: Tho
difference between the adiabatic and polytropic efficiencics is
usually negligible for the pressure ratios obtainable across a
blade row or a stage but becomes important when the over-
all efficiency of a compressor is considered. The chart
relating the two efficiencies (fig. 2) is useful in estimating the
over-all adiabatic efficiency of a compressor for adiabatic
compression in terms of an average stage efficiency repre-
sented by the polytropic efficiency. Efficiencies based on
static-pressure and static-temperature changes are required
in considering the compression across individua! blade rows
and the same basis for efficiency can be used for over-all
compressor-performance representation. If the conventional
adiabatic efficiency for the over-all performance in terms of
total pressures and temperatures is desired, a small correction
may be applied to the adiabatic efficiency based on stalic
states to take account of the change in Mach number across
the compressor.

Graphical representation in terms of polytropic efficien-
cy.—A graphical representation of equation (6a) in terms
of 9, (equation (9)) is useful for the rapid determination of
any one of the variables in terms of the others (fig. 3). By
use of equations (4) (with =), (5), and (9), the velocity-
of-sound ratio asfa,, temperature ratio &ft;, density ratio pyfp,
and pressure ratio p,/p, may also be explicitly expressed in
terms of the same variables as were used for the flow-arca
ratio. For the applications considered, however, the re-
placement of the velocity ratio by the flow-area ratio as

"one of the independent variables by the use of the implicit

equation (6a) is convenient. The graphical representation
of these ratios with the inlet Mach number, flow-area ratio,
and polytropic efficiency as independent variables is shown
in figure 4. Figures 3 and 4 show that the polytropic cffi-
ciency has a rather large effect on some of the flow relations
especially at Mach numbers approaching 1. Appreciable
error in the flow relations for a given type of blading may
therefore result if the calculations are based on iseniropic
flow.

Charts similar to figures 3 and 4 may be used for a wide
variety of design caleulations, but a rigorous applicalion
requires additional relations based on considerations of radial
equilibrium and will not be further developed here. The
charts, however, may be used for rapid approximate design
calculations and for the calculation of blade-angle rosettings
for different operating conditions by considering only mean
conditions for the entire annular passage. An example of
this type of application is given in appendix B.
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' BLADE-ELEMENT EFFICIENCY

The exact analysis of the efficiency of an axial-flow com-
pressor is extremely complex and must be based on a detailed
knowledge of the flow processes involved, but an approximate
analysis may be made by treating the flow and the corre-
sponding losses near the ends of the blades separately from

those for the central portion of the annular passege. The
losses near the ends of the blades will be discussed under
the section Application of Blade-Element Theory to Com-
pressor Design. The following analysis of blade-element effi-
ciency applies to the main portion of the flow and is based
on the assumptions of incompressible flow, constant axial
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velocity across the blade row (fig. 1 (b)), and no radial flow. | blade-element efficiency. The theory is similar to that pro-
The usual magnitudes of radial flow, variations in axial | sented in reference 2, but the efficiency based on static-
velocity, and compressibility effects encountered in subsonic- | pressure rise for a single blade row treated as a diffuser is
compressor designs are assumed to have little effect on the | used instead of the stage efficiency based on power input.
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The blade-element efficiency for a blade row is shown in
appendix A to be given by

1—i D
_ w L (10)
wey +w..(77/I)
or
o =2 (907 — i) 1)

tan (90°—Bn+¢€)

which, as might be expected, is the same as the profile effi-
ciency of & propeller.

The variation of the blade-element efficiency with ratio of
the mean whirl velocity to axial velocity ws is shown in
figure 5 for values of D/L of 0, 0.05, and 0.10. TFor optimum
angles of attack and efficient blading, the value of D/L
should be less than 0.05 and high blade-element efficiencies
should therefore be obtained. Because of the large variations
in axial velocity, the large and complex secondary flow, and
the frictional effects of the walls, the blade-element analysis
cannot be expected to give an accurate representation for the
efficiency in the region of the blade root and the blade tip.

Because the analysis applies to either rotor or stator blades,
the optimum value of w, is the same for each and the
resulting optimum velocity diagram for the stage is sym-
metrical. For a symmetrical velocity diagram, the losses
and the ideal pressure rises are the same for the rotor and
stator blades (if differences in the boundary-layer conditions
are assumed not to affect the value of D/L) and the efficiency
of conversion to static pressure for the stage is the same as
for each blade row. Consequently, figure 5 also represents
the stage efficiency for 2 symmetrical diegram. The
efficiency for a symmetrical velocity diagram obtained from
figure 5 differs slightly from that obtained by use of figure 17
of reference 2 because the figure of reference 2 is based on a
linear approximation to the exact equation (10}, nemely

ﬂ.tt.i—l"‘f‘:‘l— (?D +'wm)

For a nonsymmetrical velocity diagram, the blade-element
efficiency for the stage is the weighted average of the blade-
element efficiencies for the rotor and stator blades with the
weighting factors given by the ideal pressure rise of each.
The relations derived in the present analysis should be
accurate over a wide range of values of D/L and w,,. Because
the curves of figure 5 are fairly flat in the region of peak
efficiency, a moderate deviation from the optimum value of
Wa produces only a small loss in blade-element efficiency.

BLADE-ELEMENT PRESSURE RATIO

General considerations.—If radial flow is mneglected, the
pressure ratio across a row of bledes, either rotor or stator, is

given by - {+'Y__1.311 [1 ( ):I}

which is obtained from equations (4), (5), and (2). For a
given value of v, the pressure ratio thus depends only on the
inlet Mach number M;, the velocity ratio V3V, and the
polytropic efficiency u,. If the efficiency could be held

(12)

constant, very high pressure rafios obviously could be
obtained by increasing the Mach number. With con-
ventional compressor designs, however, the efficiency has
been found to drop very rapidly if the inlet Mach number is
increased much beyond the eritical Mach number of the
blades. For this reason, designs for inlet Mach numbers

appreciably above the critical Mach number of the blades _

have generally been considered impractical. The high
efficiencies that have been obtained with supersonic diffusers,

however, strongly suggest that compressors of high efficiency

and pressure ratio are possible with supersonic velocities
entering the blades, but any detailed consideration of such
compressors is beyond the scope of the present investigation,
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With given Mach number and polytropic efficiency,
equation (12) shows that the pressure ratio increases as the

velocity ratio Va/V: decreases, but at a continuously de-

creasing rate, and reaches a maximum at & velocity ratio

181

3 4 6 810

of 0. Not all the static-pressure rise resulting from a =

decrease in the relative velocity, however, represents a gain
in the total-pressure ratio of the compressor.
in the whirl component of velocity (for r=r;) are effective
in mcrea.smg the total enthalpy and hence the total pressure,
a8 is evident from Euler's equation,

AH=§ Vaws—Viws) U

for r1=rs. (See reference 7 for a detailed discussion of the
applications of Kuler’s equation.) Although the total
pressure is increased only across the rotor blades, the stator
blades generally must change the whirl component of velocity
by about the same amount in the opposite direction in order
that the process can be repeated in the next stage. Changes

Only changes-

in the axiel component of velocity have no direct effect on™

the total-pressure ratio obtained.
The possibility of an indirect effect of change in axiel

velocity on the total-pressure ratio must, however, be con- . .

sidered. Schicht proposed increasing the total—pressure ratio
by using a rapidly increasing axial component of velocity
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through the rotor (reference 3). The argument for this
procedure is that, when the usual adverse pressure gradient,
which tends to produce flow separation, is reduced by increas-
ing the axial velocity, a larger change in whirl velocity and
hence a greater total-pressure ratio can be obtained. This
method may be effective for single-stage, low-speed blowers
in applications where high discharge velocity is desired. The
method is unsuitable, however, for high-speed, multistage
axial-flow compressors, because, in order to be able to repeat
the process in a number of stages, the axial velocity has to be
again reduced through the stator blades. The argument that
an increasing axial velocity makes possible a large change in
whirl velocity in the rotor blades also indicates that obtaining
the same change in whirl velocity with reasonable efficiency
in the stators, where the axial velocity is decreasing, would
be very difficult. Excessively high Mach numbers at the
inlet to the stators are also encountered if reasonable rotor
speeds and inlet Mach numbers to the rotor blades are used.

Thus, for subsonic-compressor designs with definite Mach
number limitations, little if anything appears to be gained in
incressed over-all pressure ratio by appreciable changes in
axial velocity across any bladerow. A gradual change in the
axial velocity through a multistage compressor may be de-
sirable to obtain favorable conditions at the inlet to each
stage, but any increase in over-all total-pressure ratio that
is obtained results principally from realizing the optimum
Mach number at the inlet to each stage rather than from the
direct effect of change in axial velocity within the stage on the
total-pressure ratio across the stage.

In analyzing the blade-element performance of a single
stage in relation to its effect on the total-pressure ratio of the
compressor, the actual stage can therefore be. considered
replaced by an equivalent stage with the same inlet Mach
number and changes in whirl velocity but with constant
axial velocity., Because the static-pressure ratio across such
an equivalent stage is practicelly the same as the total-
pressure ratio, the consideration of static-pressure ratios alone
across the eguivalent stage is sufficient in evaluating the
performance of stages designed to give maximum total-
pressure ratio in a given number of stages.

Pressure ratio based on constant axial velocity.—For con-
stant axial velocity, the velocity ra,tao across & blade row is

given by
V,_ cosp;
V. cos B

and hence from equation (12) the pressure ratio is

. ¥—1 24, cos B L
e LRG|
The minimum possible value of the velocity ratio for a given
inlet-air angle 8, is equal to the cosine of the inlet-air angle.
For constant axial velocity across the blade row, the inlet-
air angle must thus be large to obtain appreciable diffusion
through any row of blades.

The actual pressure ratio that can be obtained, however,
depends also on the practical limitations on the turning of
the air. The maximum amount of turning that is practical
without-flow separation and appreciable loss of efficiency
varies appreciably with the value of w,. Several different

e T
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parameters have been used to represent this limitation. A
natural extension of the idea of blade loading for isolated
airfoils is the limitation based on Cio (references 2, 8 (p. 39},
and 9), which is a measure of the loading on a row of blades
rather than on the individual bladés. Another limitation
hased on the maximum allowable value of —Aw, which
remains nearly constant over a fairly large range of values
of w,, will also be considered. For brevity both of these
limitations will be designated blade-loading limitations.

The relation between lift coefficient, solidity, and whirl-
velocity ratios is obtained from reference 2, equation (21),
as - ...

2(—Aw)
Va1 [L 4+ (D/L)wn)

or expressed in terms of angles by use of figure 1 (b) as
2 c08 B (tan B,—tan f)

CLO'='

(14)
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end turning angle 8- for dreg-lift ratio D/L of 0.
A graphical representation based on these relations showing
Cio as a function of inlet-gir angle and turning angle for
D/L equal to 0 is shown in figure 6. For most practical
applications the term (D/L) tan B, can be neglected, but if
high acturacy is desired the effect of drag can be taken
into account hy dividing the value of Cpe obtained from
figure 6 by 14 (D/L) tan 8. The pressure ratio, expressed
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in terms of the ratio w, of mean whirl velocity to axial veloc-
ity, is given, as shown in appendix A, by

TTs

=i

P2 (1 4 (y—1) Myt — 2l 20)
Pl ! 1+[wm+(—§w)]’

The value of —Aw in terms of Cio is obtained by solving
equation (14) for —Aw.

—Aw=% Opor1Fwsd (1 Jw0y %-)

The pressure ratio as & function of wy for Af,=0.7 and
Cro=1.0 for three velues of D/L is shown in figure 7 (a).
The polytropic efficiency was assumed equel to the efficiency
for incompressible flow given by equation (10). For the
isentropic case (D/L=0), the pressure ratio increases
asymptotically to & maximum as w, increases but is very
neer the meximum value at w,—=4. As the value of D/L
is inereased, the maximum pressure ratio is obtained at
progressively lower values of w, because of the drop in
efficiency when 1w, is increased beyond 1 (fig. 5). Even
with & value of D/L of 0.10, the maximum pressure ratio
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occurs at a value of w, more than twice that for maximum
efficiency. The effect of Ozo on the pressure ratio is shown
in figure 7 (b). A point of diminishing returns is rapidly
approached as Cyo is increased. The corresponding decreas-
ing rate of increase in total-pressure ratio of a stage is asso-
ciated with the decrease in rotor speed resulting if a constant
relative inlet Mach number is to be maintained as —Aw
is increased. .

The variation in pressure ratio with w, shown in figure 7
is quite different from the familiar variation (references 8
(pp. 99-105) and 10) when the rotor speed instead of the _
relative inlet Mach number is constant. The variation in
pressure ratio with w, for a symmetricel velocity diagram
when the rotor-blade-element Mach number Ul/a, is constant
is shown in figure 8 with the inlet relative Mach number A1,
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shown as contours. These curves are based on the relation

[l '|"Y__ 1 U1)’ {(—Aw)

a Wi

which is obtained by substituting the relation for a sym-
metrical velocity diagram (fig. 9)

Wiz v Var Vo Vis Vo Vas

(AW Ve | (- Aw) Vs
= QWi Va

~Aw}V, | (-Aw| V. |
= &

W Va:
U -

FioURE 0.—Symmetrical velocily dlagram for rotor blades showing veloaltles relstive to
rotor end stator reference frames.

\/ 1+ wm+(‘§“’)] -

M= i
I r;,wm @, .

in equation (15). The pressure ratio given in figure 8
actually represents that across the first row of blades of a
symmetrical stage. If the axial velocity is maintained
constant, as is assumed here, the pressure ratio. across the
second row of blades will be slightly less than that across the
first row becsuse of the higher velocity of sound and hence

lower relative Mach number at the mlet to the second row .

of blades of the stage

The increase in pressure ratio with decreasing w, is due
to the increase in relative Mach number as the value of wy,
is decreased (fig. 8). The curves have been extended only
up to a relative Mach number of about 0.8 because the
assumption of constant D/L cannot._be expected to hold
above that Mach number. The shape of the curves is
essentially the same for the three different rotor speeds
shown in figure 8, but the actual pressure ratios at the
same value of w, are, of course, different because of the
different Mach number. Moreover, the curves are extended
to lower values of wy,, at the lower rotor speeds (figs. 8 (b)
and 8 (c)) because of the shift of the limiting Mach number
contour of 0.8 to the left. The important conclusion to be
drawn from figure 8 is that, for a given rotor speed, the
pressure ratio can be raised by increasing the design axial
velocity up to the point where the effect of additional blade
drag resulting from compression shock, corresponding to an
increase in D/L, counterbalances the direct effect of higher
Mach number.

Although limitations on blade loading based on Cpo are
widely used in fan and compressor design, it is not always
realized that the maximum allowable value of C,o varies
with the value of w, and hence with the blade stagger.
Unfortunately, only meager experimental dats on this
important point are available. According to Howell in a
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British report, the allowable value of Oy drops appreciably
with increasing values of wn, and a constant —Aw (equal
to tan oy —tan ap in Howell’s notation) is a better limitation
at values of w,, less than 1.

The pressure ratio is shown in figure 10 for a constant
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FI1GoRL 10.~—Pressure ratio -ncross biade row as functldn of ratlo of mean whirl velocity to
axtal veloclty ww with ratlo of decrease in whirl velocity to axlal velocity —Aw of 0.742 and
drag-lift ratio DfL of 0.05.

value of —Aw=0.742 (corresponding to its value for Cro=1,
ww=1, and D/L=0.05), for a constant value of 1f;, and for
a constant value of Ujfa,. The available data seem to
indicate that, when the value of w, is less than 1, the limita-
tion based on a constant —Aw is preferable; whoreas, at
values of w, greater than 1, the limitation based on & con-
stant Cro is better. On the basis of either of these limita-
tions on the turning of the air, for a given inlet Mach number
a considerable drop in pressure ratio occurs if w,, is decreased
much beyond 1.

For a constant value of w, and a given blade-loading
limitation, equation (15) shows that the pressure ratio
increases with increasing Mach number within the range of
Mach numbers over which the efficiency change is in-
appreciable. The pressure ratio also increases with in-
creasing Mach number when the rotor speed is held constant
(fig. 8)._ The Mach number thus plays a dominant role in
determining the pressure ratio. In order to obtain high
pressure ratios per stage on all stages, & compressor should
therefora be designed for a velocity distribution that gives
as nearly as possible the limiting relative Mach number at
the inlet to all blade elements.

SPECIFIC MASS FLOW

The mass flow through a unit cross-sectional ares of a
compressor is given by

- 7 Mg cos
L =gprds s CO8 Bs e

(1+"—‘2'—l 114;,2)m

where the quantities A7 and By are with respect Lo & station-
ary reference frame. (See appendix A.) Because both pr
and ar increase through the compressor, the mass flow per
unit area for a given absolute Mach number Mg and flow
angle 8s also increases through the compressor. Only af the

-(17)
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compressor inlet does the mass flow per unit area therefore
provide an essential limitation on the total mass flow for
a compressor of & given diameter. The mass flow per unit
cross-sectional area corrected to standard sea-level conditions
is referred to hereinafter as “speeific mass flow.” The
specific mass flow for dry air with v equal to 1.4 is given by
(appendix A)
H"-\/B_S.BAMS COS B,g 18

A~ A10.2MD° (18)

The maximum specific mass flow is obtained when 8=0 and
Ms=1 and is equal to 49.4 pounds per second per square
foot.
the inlet Mach number relative to the first rotor must be
supersonic. The decrease in specific mass flow for a moder-
ate change in Afs or Bs from the optimum values, however,
is slight. For example, for a value of AL of 0.7, the reduc-
tion in specific mass flow is only 9 percent.

For a subsonic-compressor design with a given Mach num-
ber limitation and rotor speed, the maximum specific mass
flow is obtained with an approximately symmetrical velocity
diegram, because any appreciable deviation from symmetry
requires a substantial reduction in the allowable axial
velocity to Leep within the Mach number limitation on both
the rotor and ftator blades. For a symmetrical velocity
diagram and a relative inlet Mach number 14,z the specific
mass flow is given (appendix A) by

W'J_a ) 85.4.2\.{1.3

¥ — NG
A 14 w,,.—( Aw)] - Aw)

1"'0'2M‘-”’_F——A— \/1_1_[ i
|
(19)
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FIGTRE 11.—Specific mass flow as funetion of ratio of mean whirl veloclty to exizl veloelty
wm for Inlet Mach number M; of 0.7 and symmetrical velocity disgram.

The variation of the specific mass flow w, is shown in figure 11
for a symmetrical velocity diagram with given Mach
number and Cro limitations. The maximum specific mass
flow is obtained at low values of w, but the rate of increase
becomes very small as w, is decreased below 0.4. At &
value of w, equal to 1, corresponding to the meximum blade-
element eﬁ'iaency, 'che specific mass flow is about 70 percent
of its maximum value.
403385—50—13

For this condition to occur ahead of the first rotor, .
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APPLICATION OF BLADE-ELEMENT THEORY TO
COMPRESSOR DESIGN

EFFICIEN C-&

The blade-element theory alone does not account for all
the aerodynamic losses in a compressor. The friction of the
annular walls and the large secondary flows near the ends
of the blades introduce additional losses. No adequate theo-
retical analysis of these losses js at present available, but a
semiempirical analysis hes been given by Howell (reference 11),
which appears to approximate closely the over-all compres-
sor efficiency over a range of operation.
expressed in terms of an effective drag coefficient at the mean-
diameter blade section, which consists of three component
drag coefficients assumed to represent profile losses, annulus-

friction losses, and secondary-flow losses. The proﬁle drag

coefficient is obtained from wake-survey measurements in |
cascade tunnels. The remaining losses were found to be
given satisfactorily, for a large number of compressors
analyzed, by the empirical relations

Op,an="0.020 S/l G

and
Cp.s=0.018 C;2 (21)

and are considered to represent annulus-friction losses and
gecondary-flow losses, respectively.

The increase in the effective drag coefficient due to

annulus friction and secondary flow, as indicated by equa-
tions (20) and (21), represents, of course, a corresponding
increase in the effective drag-lift ratlo, but Howell’s analysis
does not indicate how this increase is to be distributed over
the annulus.
shown, however, that the main increase in losses occurs near
the ends of the blades. Thus it would seem reasonable in
applying the blade-element theory to use the value of D/L
obtained from cascade measurements in the middle portion
of the blade and a considerably augmented velue near the
ends of the blades. Because of uncertainties as to how to

distribute these increases and because of the breakdown

near the ends of the blades of thie conditions required for the

blade-element theory to apply, quantitative results cannot be . .
expected with this method of analyzing the stage efficiency.

The blade-element theory may be used, however, as a
qualitative guide in design until more exact methods of
analysis are available. _ .
The theoretical optimum value of w,=1 for con.stant D/L
may be altered somewhat if D/L varies with wa. Actually
D/L appears to decrease slightly as w,, is decreased. Thus
the optimum value of wy, may be somewhat less than 1. In

any case, as is shown in figure 5, the decrease in blade-

element efficiency is small for moderate deviations from the
optimum value of w,. Also for any deviations from a
symmetrical velocity dizgram, the losses are less when the

_deviation on either blade row is toward smaller values of

wy because the ideal pressure rise, which is the Weighting
factor for calculating (incompressible) stage efficiency, is

then less on the less efficient bladn row. The blade-element
theory also indicates that the significant factor is the drag-lift

The losses are . .

Survey measurements on compressors have
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ratio and not merely the drag. Thus a decrease in the Iift
coefficient, such as might be produced by an excessively high
solidity, reduces the efficiency the same as an increase in
drag coefficient. . Because the stage efficiency depends also

to a considerable extent on the losses associated with secon-

dary-flow not considered in the blade-element theory, the

need for research on the details of three-dimensional flow.

is indicated, _ S
COMPRESSOR SIZE
The blade-element theory shows for subsonic designs the
possibility of decreasing both the diameter and the length
of a compressor for a given air flow and pressure ratio by
careful consideration of the velocity distribution. A super-

ficial consideration of figures 7 and 11 would suggest that

for constant relative Mach number any effort to reduce
the diameter by decreasing w, in order to increase the
specific mass flow would necessarily decrease the pressure
ratio per stage and thercby increase the compressor length.

This argument, however, considers only a single blade

element and neglects the actual limitations that oceur in a
multistage compressor. First, once the rotor speed is

fixed for any reason, the pressure ratio across-a- blade .
element can be increased by decressing the value of wy
to the point where the limiting Mach number is regched, -

as shown for the case of a symmetrical diagram by figure 8.
Secondly, the specific mass flow limits the mass flow of the
compressor_only at the inlet to the compressor. Because
the inlet stage tends to limit both the mass flow and the
rotor speed of a compressor, the consideration of velocity
distribution in the inlet stage is particularly important.

A low hub-to-tip-diameter ratio at the inlet is desirable
for high mass flow .through a given diameter. For the
conventional type of axial-flow stage, ratios much below

0.5 appear impracticel because of the impossibility of main- -
taining favorable velocity diagrams at all radii, but lower

values might be effectively used in . a very high-solidity
stage with considerable hub taper. The design would then
approach that typical of “mixed-flow’” compressors with
appreciable pressure rise along the hub arising from centri-
fugal action; the terms involving « in equation (4) would
no longer be negligible. The next section is concerned only
with the more conventional type of design.

Velocity distribution in inlet stage.—The method of design
based on free-vortex flow is widely used because of the
simplicity and the relatively high accuracy with which the
flow can be calculated. The velocity diagrams for a free-
vortex design for high specific mass flow with a hub-to-tip-
diameter ratio of 0.55 are shown in figure 12 (a). For
simplicity, the effect of passage taper is neglected. The
maximum pressure ratio compatible with this.type of design
was obtained by making the maximum Mach number the
same (0.7) on the rotor and stator blades. The maximum
Mach number occurs at the tip on the rotor blades and at
the hub on the stator blades.. ) o _

The blade-element theory shows that this type of design
has several disadvantages. The velocity diagram is unsym-
metrical at all but one radius and the inlet Mach number
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(8) Based on free vortex.

Hub
(b) Based on symntetrical veloclty diagram and constant total entbeipy along radfus.
FIGURE 12.—Veloelty dlagrams for first rotor row of multistage compressor for high specific
mass flow with hub-to-tip-diameter ratle of 0.56 and maximum produet of lift cocfcient
and sqljidity (Cro)mas of 0.77.

for most of the blade length is much below the limiting value.
The result is a rather low pressure ratio per stage and, at the
hub, a relative velocity at the outlet of the rotor actually
greater than at the inlet. It has been suggested that diffi-
culties might arise at the hub with blades designed for such
a velocity diagram because the required blade curvature
in the direction of rotation at the rotor outlet would tend
to start the flow in the opposite direction from that desired.
The cause for this uncertainty of flow direction and the
possibility of backflow can be eliminated by making the
velocity diagram more symmetrical at the hub, but the
pressure ratio of the stage is further reduced by this adjust-
ment inasmuch as the limiting Mach number is then no
longer attained on both the rotor and stator blades.

The use of a symmetrical velocity diagram with constant
total enthalpy at all radii (fig. 12(b)) eliminates ihese dis-
advantages. The same Mach number and Cie limitations
are used as for the free-vortex design. The principal differ-
ence ig that the inlet Mach number is very nearly constant
for all blade elements of both rotor and stator blades. .. The
inlet Mach number at the hub is actually slightly higher
than at the tip because of the increase in axial velocily
toward the hub required for thig type of rotation to main{ain
radial equilibrium. The specific mass flow is also somewhat
higher for the symmetrical velocity diagram than for a free
vortex. because of the increase in axial velocity toward the
hub. A comparison of the weighted average specific mass
flow ‘and the pressure rafio for the two types of velocity
distribution with the same maximum inlet Mach number

. for each is shown in the following table:

) Apyoctex
Ce . wf8/8A Pt e
f prmmol.r(cnl diagram
Symmetrical disgream. . oo ——| 37.4 1.136
Free vortex, same (Crotkecmave- 35.1 1.087 0.64
Free vortex, same (—AW)4eanmann 35.2 1.001 .87
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Limitations on turning based on both Cys and on —Aw are
shown. The limitations are conservative but are the same for
both types of design and should therefore give the relative,
but not necessarily the maximum, performance for the two
designs. Not only is the pressure ratio for the inlet stage
higher for the symmetrical diagram than for the vortes but
also the pressure ratio obtainable in the succeeding stages is
higher because of the higher rotor speed permitted for the
symmetrical-design disgram (12-percent higher rotor speed
for this example).

A disadvantage of the de51gn based on symmetrical velocity
diagram and constant total enthalpy along the radius is that
the axial velocity may become very low or the solution be-
come impossible (imaginary velecity) near the tip, especially
after the rotor, for low mass flow. The decrease in axial
velocity across the rotor blades at the tip is not shown in the
velocity diagram. The variation in axial velocity from hub
to tip is useful in producing & more uniform inlet Mach
number but, if too large, results in flow separation along the
casing. The magnitude of the radial variation in axial
velocity for the symmetrical-diagram design is a funection of
0y, 8t some particular radius, such as the hub, and increases
with increasing values of w.. The axial velocity at the
casing may become 0 if the value of w, at the hub is made
too large. The design based on a symmetrical velocity
diagram and constant total enthalpy along the radius is
therefore suitable only for designs with high specific mass
flow. A velocity distribution somewhere between a free-
vortex design and a symmetrical velocity diagram at all
radii would probably be preferable for designs of lower
specific mass flow than that considered in the example of
figure 12 (b). Small variations in the total enthalpy along
the radius may also be useful in obtaining a favorable radial
variation in the velocity components. The determinsation
of the theoretical optimum distribution of velocity and
enthalpy is very complex because of the infinite number of
possible variations, but a good approximation to an optimum
design for given conditions is possible with the aid of the
blade-element theory.

Axial variations through compressor.—The blade-element
theory is also very useful in the analysis of the effect of
different variations of axial velocity from stage to stage.
The speed of the rotor is usually determined by the Aach
number limitation on the first row of rotor blades. For
maximum pressure ratio per stage, an increase in the blade
velocity U in the later stages would be desirable. In the
usual designs, the angular velocity of all the rotor blades is
the same because they are mounted on the same shaft.
The blade-element velocity 77, however, can be increased
by increasing the radial distance from the axis. The in-
crease in the tip diameter, however, increases the over-all
diameter of the compressor for a given specific mass flow
at the compressor inlet. If a larger over-all diameter is to
be used, the use of the larger diameter also at the inlet would
appear desirable in order to allow & higher hub-to-tip-diam-
eter ratio with a given mass flow and thus to obtain thher
pressure ratios over the first few stages. The increase in

the tip diameter in the later stages therefore is of dubious

value.

The increase in hub diameter from stage to stage, however,

produces a higher pressure ratio per stage both by increasing

the blade-element velocity at the hub U, and by maintaining
the inlet Mach number near the limiting value by an increase
in axial velocity (fig. 8). The maximum pressure ratio with
a constant casing diamecter is obtained by increasing the hub
diameter from stage to stage in such a manner as to obtain
the limiting inlet Mach number on each stage. Because ‘the

velocity of sound increases, the axial velocity at the casing
must be increased to maintain the same inlet Mach number.
For pressure ratios of 5 or more, this procedure leads to very
short blades and high ratios of hub-to-tip diameter in the

last stages. The tip-clearance losses are increased unless the

absolute clearances are reduced because of the greater rela-
tive clearance for the short blades. The annulus losses may
also be a larger percentage of the energy input because of
higher ratio of passive, or annulus, area to active, or blade,
area (reference 12). The use of small blade chords will re-
duce this ratio of passive to active area as well as reduce the
length of the compressor, but the adverse effect of reducing
the Reynolds number must be considered (reference 12).
Because of the relatively high density and velocity in the
last stages, however, the chords can be made considerably
smaller than in the inlet stages and the same Reynolds num-

ber maintained. The diffuser requires more careful atten-

tion with high axial velocities at the compressor outlet but
the diffuser losses become less important as the over-all pres-
sure ratio is increased. The use of boundary-layer control,

even for high outlet velocities, should make efficient diffusion

possible in a very short diffuser (reference 13). The required
suction could easily be provided. For example, the boundary-
layer air removed might be used for cooling some portion
of the turbine where the pressure is lower than that in the
diffuser.

The high losses reported by Eckert (reference 12) for high
hub- to—txp-d.lameter ratios in single-stage blowers appear to
be less serious in multistage compressors. The hub-to-tip-
diameter ratio is quite high in the last few stages of the
NACA eight-stage axial-flow compressor (0.93 in thelast stage).

(See reference 2.) Although no information is available on

the efficiency of the last stages, the over-all efficiency (refer-
ences 1, 2, and 14) is much higher than would be expected if
the efficiency dropped as drastically as indicated by Eckert.

FLEXIBILITY AND RANGE

Very little has yet been done on the investigation of the
effect of design variables on the range and the flexibility of
axial-flow compressors. An unpublished British report made
a theoretical analysis based on cascade data of several types
of design, but the differences in range for practical designs
were not particularly remsarkable.
and flexibility is considered from an entirely different point
of view in reference 1, where the possible extension of the
useful range by the use of adjustable stator-blade settings is
investigated. Improvements in the efficiency at other than

The problem of range

design speed and & considerable extension of the flow range

at any given speed were found to be possible by the adjust-

ment of the stator-blade angles alone.

about 0.08 in efficiency over the design setting for one of the ) -
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blade resettings at approximately half the design speed was
obtained. A shift of the pesk-efficiency flow by 20 to 30

percent was possible over the entire speed range by the use.

of different stator-blade-angle settings. The extension in the
flow range was particularly striking at a compressor Mach
number of 0.8 because of the very narrow range at this speed
with any one blade setting. Approximately a sevenfold in-
crease in the flow range was obtained at this compressor
speed by the use of different stator-blade settings.

The success of this method in extending the useful range of
axial-flow compressors has warranted the development of a
more rapid method for computing blade resettings than that
presented in reference 1.

appendix B.
SUMMARY OF ANALYSIS

A blade-element theory developed for analyzing the effect
of basic design variables on axial-flow-compressor perform-
ance may be summarized as follows:.

The one-dimensional compressible-flow theory shows that.

the effect of polytropic efficiency on some of the flow relations
across a row of blades is of the same order of magnitude as
the effect of Mach number. Flow calculations based on
1sentroplc compresgible flow may therefore be. apprecm.bly
in error. For substantial improvement in compressor effi-
ciency, research should be_directed toward a reduction in
blade-element drag-lift ratio and toward a better under-
standing of secondary-flow phenomens.

The relative Mach number is shown to he a dominant
factor in determining the pressure ratio and considerable
increase in pressure ratio over that for conventional designs
can be obtained by producing & velocity distribution that

FiguresB 4, and 6 provide the
basis for such a method, as 1s 111ustrated by the example i in

gives relative inlet Mach numbers close to the limiting Mach
number on all blade elements. With a given inlet Mach
number, the pressure ratio obtainable across a blade row
increases and the specific mass flow decreases as the ratio of
mean whirl velocity to axial velocity increases for the high-
efficiency ranga of this velocity ratio (values near 1).

For compressor designs with a definite Mach number
limitation, the velocity distribution in the inlet stage is
particularly important because the inlel stage limits both the
mass flow and the rotor speed of the compressor and thereby
limits the pressure ratio of later stages as well as the infet
stage— By the use of inlet guide vanes designed to produce
a radial variation of axial velocity at the inlet to the first
rotor, a substantial increase in stage pressure ratio and a
slight, increase in the specific mass flow over designs based
on free vortex with the same Mach number and turning
limitations are shown to be possible. In the sucecceding
stages, the maximum pressure ratio per stage withoul an
increase in compressor diameter is obtainable by increasing
the hub diameter to obtain the maximum axial velocity
compatible with the Mach number limitation,

The use of adjustable stator blades is an effective method of
extending the high-efficiency range of axial-low compressors.
A graphical method developed for one-dimensional analysis
is very useful in determining the blade-angle settings for
different operating conditions.

Friger PropPuLsioN RESEARCE LABORATORY,
NarroNaL Apvisory COMMITTEE FOR AERONAUTICS,
CreveLaND, Ouio, November 26, 1947.



APPENDIX A
DERIVATION OF EQUATIONS

When an equation is the same as in the body of the text
the equation number is the same.

Adiabatic and polytropic eficiencies.—For different ideal
reversible processes, such as adiabatic, isothermsl, and
polytropic, the densities are different functions of the pres-

sure and therefore by equation (7) the efficiencies obtained

are different. Because most actual compression processes
are approximately adiabatic, the efficiency based on a
reversible adiabatic process as the ideal process has been
widely used. The polytropic efficiency is also useful because
it is equal to the efficiency of the individual small stages of
an adiabatic compression when the efficiency of these small
stages is constant throughout. For this reason, it is often
referred to as “smell-stage” efficiency. For constant spe-
cific heat, the density is given by

1/
p=p (ﬁ) (22
for the reversible adiabatic process and by
i/a
p=p (ﬁ) (23)

for the polytropic process. The polytropic exponent n for
the ideal process is chosen to give the same density and
temperature at the final pressure p, as for the actual process.
The substitution of these expressions in equation (7) and
the use of the perfect gas law gives the following values for
the adiabatic and polytropic efficicnecies:

v |7
B [(p 1 (24)
Ak
11:_1
| @)-
T» : :
The thermodynamic relations
ah=Jeytt) =R 271, (2 1) (26)
and
2—1
1
when substituted in equations (24) and (25) give
) (28)

——1
1

=
e

Pag= L,

&) -

or

and
n/ (n—1)

=Ny —1) (29)

Therefore -
71

p_z)T__l : e e
,mgﬁﬁ__ L (®

)
1

By the use of L'Hospital’s rule, the limiting value of 7., as
73/p1 approaches 1 can readily be shown to be equal to »,.

If equation (29) is solved for n, the polytropic exponent is
given as & function of the polytropic efficiency

n= =1

Y

Np—

Although the derivation has been made inYterms of static
pressures, temperatures, and enthalpies, each of the equations
in this derivation can readily be shown to apply when the
static values are replaced by the corresponding total values.
For a given process, the efficiencies and the polytropic
exponent based on total and static values will differ, but, as
was shown by the example in the section General Efficiency
Relations, when these efficiencies are used to represent the
over-all performance of a compressor the differences between
the corresponding efficiencies based on total and static
values is usually quite small. '

Relation between total and static eflciencies.—The adi-
abatic efficiency based on total pressures and temperatures
can readily be expressed in terms of the adiabaticlefficiency
based on static values by substituting in the equation
defining the total efficiency

the relations between total and staticpressures and tempera-

tures
1
T (P T y—1
?—(17) 1+5-ar

) 3 (9) -

where the values are with respect to a stationary reference . -

frame. Thus,

r—1

o(2)7
Tlaa.n."= o (%: 1

—1
1+72 M,i

- (30)

where

O=
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When M,=2M{;, then C=1, and equation (30) becomes the
same as the relation for the static efficiency

T3

An explicit relation for the total efficiency in terms of the
static efficiency and the static-pressure ratio can be obtained
by eliminating the temperature ratio in equation (30) by
use of equation (31). The result of this elimination is

0(%)

1]+(1—0)<1—nm:)

Nad, T=Nad,s¢

[e®"

or expressed in terms of total-pressure ratio

r—1
I_’z)T_
P,
y—1

f_z) T 140 QC) (1 —Tag.e0)

Ned T Nad. a2

By a similar derivation, -

Z_—‘l
10g< )7

~ (1 —1p.) log C

Np. 7= Np,st

log(

Blade-element eficiency.—A blade-element efficiency for
incompressible flow based on the power input to the air
by the rotor is suitable if applied to an entire stage,
as in reference 2, but is unsuitable for considering the per-
formance of a single blade row. For flow across a single
blade row with no change in radius and with the blade row
as reference frame,

Vit VA
Ah—g _.‘_2._—72)

(32)

and the general expression for efficiency based on static

states (equation (7)) becomes, for the case of incompressible
flow considered herein,

Ap

L A

2 2

(33)

which is the usual simplified expression for diffuser efficiency
in which velocity variations across the passage are neglected
(reference 15).
For constant axial velocity, the following relations can
readily be obtained from momentum considerations and
figures 1 and 13:

FS ’—slq Lsin Bn—D cos B,
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FIoURE 13.—Vector dlag'ram of forces on blade element.

Lol B (1-% cot, /s,,,) 34)

and .
L=Fa—D sin B, o -
€OS PBm

F D
=08 o, —L T tan B
or if this equation is solved for L

F,
~cos Ball+ (DGIL) tan Bnj

pV  S(tan gi—tan £)
cos B[l (DfL) tan fy)

If this Iift is substituted in equation (34),

A pV.2 tan Bn(tan Bi—tan B3)[1—(D/L) cot B.}
P= 1+ (D/L) tan Bn

"(35)

_oViun(—aw) (1 -L %)
1+wn(D/L)

~(36)
also .

V2 pVy? 2
P21 Pz 201“_ '”2)

= oV (—Aw) 37)

By the substitution of equations(36) and (37)in equation (33),
the blade-element efficiency based on static-pressure rise and
incompressible flow is finally obtained as

(10)
The blade-element efficiency can also be expressed in terms
of the “gliding angle” ¢ (fig. 13), which is defined by

tan e=D/L (38)
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The profile efficiency is Specific mass fiow.—The mass flow through a unit cross-

tan (Bu—e) sectional area in terms of a stationary reference frame is
Neet™="3 .~ >
ten B V_ v
or : A gpva
tan (90°—g,) . Vs
~tan (90°—Bu-t¢) a1 ”‘gprar;‘a—E cos s
which is the same as the expression for the profile efficiency _ Mj cos Bs :
of a propeller. =gprlr ol o (_1_7)_ _
2(r—1) o
Pressure ratios.—The pressure ratio across a row of (1 +5= ﬂfs)
blades for constant axial velocity and no radiel fiow can be
expressed in terms of w,, —Aw, and A by use of equa- _Pqyg Mg cos Bg
tion (12) and figure 1(b) JRT 31

( _I_'r—z—l _ Msz)z(v—n

fo Poyg Mg cos Bs

_(1+"'—1 M V,V’ )7—

y—1 Ve Voi2— Vs = - —1 2(7—1)
~(1 15 3 Vot tut) (1+752 22)
= 1+( _l)ﬂf a w 1+Vw 2 Vu I_Vw 2 7—1 For = 1.4 and R=53.345 (dry alr)
- 24 VVyeE 2V, V.,

W & 2116.2'/1.4X32.174 Mscos Bs
A s /53.345x518.6 (1+0.2M5°

(- , Wa(— AW) —1 ' Hence
=D (= Aw) (15) W+/6 85.4Afg cos Bs SOV
LA ot A 110.20) (18) |

In order to express this result in terms of the relative Mach number and the velocity diagram parameters for a symmetrical
velocity diagram, it must be remembered that the quentities in equation (18) are for absolute coordinates at the inlet to
the rotor (station 1). With the aid of figure 9, the following substitutions may be made in equation (18):

85.:4 oo Vs

Vie @&
5“1 [1+02(

%2 (v ]

| 85.4 ﬁﬂﬂ,g
] 2, R
14+0.2M, g (Vl.s

85.4M,,

1+[¢m (42Aw)]’ 3 - e

14+0.2M;, 22

The value of —Aw is given in terms of Cro by equation (16).

T JRi, ' E2 s U



APPENDIX B
EXAMPLE OF USE OF CHARTS FOR COMPUTATION OF STATOR-BLADE RESETTING

The method of computing the stator-blade resetting for
different operating conditions given in reference 1 involves
considerable labor in the trial-and-error solution of the velocity-
ratio equation (equation (19) of reference 1). Enlarged
working charts similar to figures 3, 4, and 6 greatly facilitate
the computation of stator-blade resetting, as is illustrated
by the following example:

The computations are made for a typical stage of the
NACA eight-stage axial-low compressor for an air flow and
a speed appreciably below the design values. The condi-
tions at the inlet to the stage are determined by the flow
from the previous stage and, for the purpose of this example,
are assumed to be known. The stage is here taken as a row
of stator blades followed by a row of rotor blades. The
station designations are: 1, at inlet to stator blades; 2, be-
tween stator and rotor blades; and 3, at outlet from rotor
blades., Quantities that are a function of the radius are
taken at the mean radius unless. otherwise specified. The
following geometric characteristics of the stage are given:

A fA4,=1.118
AgfAy==1.127

Ystator=45.3°

Yrotor=43.1° (design values)

ay==—>5.6° (for blades used)

Gstator="0.9961

orotor=1.0156

and
7afrs,,=0.9004 _

The given inlet conditions and rotor speed are

61=65.3°
V1/01=0.492 ’
U.fa;=0.708

Itis proposed to reset the stator blades to make the maxi-
mum lift coefficient at the mean radius, which may occur on
either the stator or the rotor blades, equal to a prescribed
value of 0.8. The adjustment of the stator-blade angle to
give a prescribed lift coefficient on the stator blades may be
accomplished very simply by the use, of figure 6 and the
empirical relation from referemce 1 {equation (17)):

Bz= (1 _K)BI+K'/’ststot +Kao

but the lift coefficient on the rotor blades also must be
checked in order to.determine whether the prescribed maxi-
mum is exceeded. If the prescribed maximum lift coefficient
is exceeded on the rotor blades, as it is in this example, the
lift coefficient must be determined with different stator-blade
settings until the prescribed maximum lift coefficient is
obtained on the rotor blades. The calculation of the stator-
blade setting for a lift coefficient of 0.8 on the stators is first,
made and the resulting lift coefficient on the rotor blades
determined. The calculation for the final trial solution for
a lift coefficient of 0.8 on the rotor blades is then presented.
192 i

For simplicity, the value of X is assumed to be 0.9
throughout. Somewhat more accurate results could be ob-
tained by estimating the value of X from the values pre-
sented in reference 16. A polytropic efficiency 5, of 0.9 is
also assumed. The turning angle 8,—pg; is found from

figure 6 for . . o -
Cro=0.8X0.9961=0.797

and, for 8; equal to 65.3°, is 11.5°,
Therefore
ﬂg=53.8° —

and from the relation
ﬂl=0-1l31+ 0.9 ¢stntur—0-gx5-6
the value of Yyiacor i8 determined as 58.1°.

The value of C;, for the rotor blades for this sirator-blade
getting requires the calculation of the flow across the stator.
The flow-area ratio is

Ji_A4icos B cos 65.3° .
=T oo g =118 g3 ge=0.791

By the use of figures 3(c) and 4(c) with dfi/df;=0.791 and
M;=0.492, the following ratios are obtained: V3/V,=0.754,
t:/t;=1.021, and a,/a;=1.010. The flow conditions of the
air leaving the stator row may now he obtained from the
following relations:

V Vﬂvlal

az- 1a1a2

Ves Vi cos ps

0.754X0.402

1.010 =0.367

0.367 cos 53.8°=0.217

dag Qs

Ver Vo sin 3,=0.367 sin 53.8°=0.296
ag as

gg Us,t_T‘lg_I_ 0.708 X 0.9004

1.010 =().631 3

as a, 73,03

The whirl component of the Mach number relative to the
rotor is then given by

Vw.z.R ) Uz_Vw.2.8= —
s % o 0.631—0.296=0.335

The air velocity and the air angle relative to the rotor are
then obtained from the relations (in which the subscript
has been dropped)

Vw. l/ [Z5]
Va. 3/ G'_z

By=57.1°

0.335
0.217

tan By =].544

Ve__Vusfaa_0.335

w &b =0.840—3-999
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The leaving-air angle may now be obtained from the relation

fz= (1 _K)52+K§[’rot.or+Kao
=(1-—0.9)57.1°+40.9(43.1°) +0.9(—5.6°)
=39.5°

The flow-area ratio across the rotor row is now obtained
from '
cos 57.1°

fa__Ascos B,
cos 39.5°

fs Ascos

Using figures 3(c) and 4(c) again with df,/df,=0.792 and
M,=0.399 (with the obvious changes in subscripts) gives

=1.127 =0.792

Vz—o 770

1013
2

% _1.006

ag

and the conditions at the exit of the rotor row are

Va Vs Vg a, 0. 770X0.399

Vit 1.006 000
V,,_Vs o
a2 =22 cos =0.305 cos 39.5°=0.235
VT‘:-’ V: B;=0.305 sin 39.5°=0.194

The turning angle for the rotor row is fs—B;=57.1°—39.5°

=17.6°. Now by use of figure 6, Cre=0.93, which gives a
lift coefficient on the rotor
_ 093
Ob—m—0.92

This lift coefficient exceeds the maximum prescribed value
of 0.8. The lift coefficient on the rotor row therefore must
be lowered by increasing the stator-blade angles. The
stator lift coefficient will also be unavoidably reduced. .

After several trials, 8 value of Ygstor="60° was found to
give approximately the maximum prescribed lift coefficient
of 0.8 on the rotor blades. The lift coefficient on the stator
blade for this setting was 0.69. )
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